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Abstract We study the dynamics of quantum-memory-assisted entropic uncer-
tainty for a hybrid qutrit-qubit system interacting with fluctuating quantum scalar
field in the background of expanding de Sitter space. We firstly derive the master
equation that the system evolution obeys. As evolution time goes by, for different
initial states, entropic uncertainty develops to different fixed values for different
parameter values, whereas entanglement always decays to zero, and there exist
monotonous relations between entropic uncertainty, entanglement and various pa-
rameters for a fixed initial state, but mixedness behaves differently with entropic
uncertainty and entanglement. Further it is found that the entropic uncertainty
closely associated with the entanglement and mixedness. In addition, it is shown
that the entropic uncertainty can be manipulated effectively via the weak mea-
surement reversal. Our study would give some useful insights about the behavior
characteristics of high dimensional quantum system in expanding de Sitter space-
time, and may be useful to the tasks of quantum information processing of curved
space-time since the uncertainty principle plays vital role in quantum information
science and technology.
Keywords Entropic uncertainty · Entanglement · de Sitter space · α-vacua ·
Scalar field
1 Introduction
The uncertainty principle [1] as a vital feature of quantum physics restricts our
ability to simultaneously predict the precise outcomes of two incompatible ob-
servables. Since Heisenberg [2] proposed the first expression of the uncertainty
principle versus position and momentum, afterwards various different forms of
uncertainty relation are introduced. Some authors [3,4] generalized to the stan-
dard deviation form which is state-dependent and is not the optimal. To avoid the
Zhiming Huang
School of Economics and Management, Wuyi University, Jiangmen 529020, China
E-mail: 465609785@qq.com
2 Zhiming Huang
drawback, some authors [5,6,7,8] introduced entropic uncertainty relation, which
lower bound is state independent. Recently, a stronger entropic uncertainty rela-
tion called quantum-memory-assisted entropic uncertainty is proposed [9,10]. The
uncertainty relation has many potential applications, such as probing quantum
correlation [11,12], quantum speed limit [13,14] and quantum key distribution
[15,16]. In addition, Quantum entanglement is the most fascinating characteristic
of quantum mechanics and plays significant role in various quantum information
processing tasks [17,18]. The entropic uncertainty is closely related with quantum
entanglement and is as a novel witness of quantum entanglement [19,20].
In the real world, quantum systems unavoidably are affected by surrounding
environment, for instance, vacuum fluctuation of quantum field has a great influ-
ence on quantum system under it. Actually, vacuum fluctuation is a natural con-
sequence of the uncertainty principle. Recently, Huang et al. [21,22] investigated
the entropic uncertainty relation affected by the vacuum fluctuation of scalar field
and electromagnetic field. Besides, the curvature of the space-time background
also affects the behaviors of open quantum systems. The entanglement dynamics
of atoms coupling with a fluctuating scalar field in de Sitter space-time was inves-
tigated in Ref. [23,24]. Further some authors discussed the behaviors of quantum
correlation for atoms immersing in a fluctuating scalar field in de Sitter space-time
[25,26]. Some authors explored the quantum estimation in de Sitter space-time [27,
28].
According to the current observations and the theory of inflation, de Sitter
space-time approximates the geometries of our universe in the far past and the
far future. Quantum fluctuation is assumed to start in a Bunch-Davies vacuum at
infinite past [26], which is dubious since the field modes below the Planck scale
are inaccessible. The de Sitter invariant Bunch-Davies vacuum can be extended
to the α-vacuum, which can be interpreted as a squeezed state over Bunch-Davies
vacuum [28] and heavily constrain the measurement uncertainty. In this paper, we
study the entropic uncertainty of α-vacua in the background of de Sitter space-
time. We would study the behaviors of entropic uncertainty in the framework of
open quantum system that a qutrit-qubit system couples with fluctuating quantum
scalar field in de Sitter space-time. Further we investigate the relations of quantum-
memory-assisted entropic uncertainty, entanglement, mixedness, and steering en-
tropic uncertainty with weak measurement reversal under α-vacua fluctuation.
Our study would elucidate the behaviors and relations of entropic uncertainty,
entanglement, mixedness, and how to adjust the entropic uncertainty affected by
fluctuating α-vacuum in de Sitter space-time. Our exploration may be helpful
for us understanding entropic uncertainty dynamics of high dimensional quantum
system in the expanding curved space-time.
In the following, we firstly introduce the quantum-memory-assisted entropic
uncertainty in term of the game model in de Sitter space-time, entanglement mea-
sure, mixedness and weak measurement reversal, and the evolution physical model.
And then we derive the master equation that describes the system evolution, and
discuss the dynamical behaviors of the entropic uncertainty affected by α-vacuum
fluctuation in de Sitter universe and how to adjust the behaviors of the entropic
uncertainty via weak measurement reversal. Finally, we present a conclusion of
this paper.
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2 Preliminaries
The entropic uncertainty relation can be described as a guessing game between two
player Alice and Bob. Assuming Bob prepares an entangled qutrit-qubit state ρUV
in flat Minkowski space-time and sends a qutrit U to Alice and keeps the qubit V
as a quantum memory for himself. After a certain moment, the qubit V freely falls
toward the de Sitter space-time and hovers near the event horizon of the de Sitter
space, whereas the qutrit U stays at the flat Minkowski space-time. Subsequently,
Alice executed one of the two measurementsO1 andO2 on the qutritU and informs
her choice of measurement to Bob. Based on his quantum memory V , Bob needs
to guess the measurement outcome, and if he guesses the outcome correctly, he
win the game. Quantum-memory-assisted entropic uncertainty relation for two
incompatible observables O1 and O2 reads as [9,10]
S(O1|V ) + S(O2|V ) ≥ S(U |V ) + log2
1
c
, (1)
where S(U |V ) = S(ρUV ) − S(ρV ) is the conditional von Neumann entropy with
S(ρ) = −Tr(ρ log2 ρ), c = maxij |〈φi|ϕj〉|2 with |φi〉 and |ϕi〉 being the eigen-
states of the observable O1 and O2. After qubit U is measured by O1, the post-
measurement state becomes ρO1V =
∑
i(|φi〉〈φi|⊗I)ρUV (|φi〉〈φi|⊗I). If measured
qutrit U and qubit V are entangled, Bob’s uncertainty about Alice’s measurement
outcome would be reduced. Here we use the notation L to denote the left side of
the uncertainty relation, i.e., L ≡ S(O1|V ) + S(O2|V ), and R denotes the right
side of the uncertainty relation, i.e., R ≡ S(U |V ) + log2 1c .
To discuss the relationship between the entropic uncertainty and the entangle-
ment of the qutrit-qubit state in the expanding de Sitter space-time, we employ
the negativity as the measure of entanglement, which is defined as [29]
N = ‖ρTU‖ − 1, (2)
where ‖ρ‖ = Tr(
√
ρ†ρ) is the trace norm, ρTU denotes the partial transpose of the
state with respect to the subsystem U .
For analyzing the relationship between the entropic uncertainty and the mixed-
ness, we introduce the mixedness here. For a general quantum state ρ, the state
is pure when Tr(ρ2) = 1, and is mixed if Tr(ρ2) < 1. Thus the mixedness can be
defined as [30]
X =
d
d− 1 [1− Tr(ρ
2)], (3)
where d is the dimension of state ρ.
In order to discuss the manipulation of the uncertainty relation, we introduce
the quantum weak measurement reversal [31], which with strength p (0 ≤ p < 1)
is written as
M =
√
1− p|0〉〈0|+ |1〉〈1| =
[√
1− p 0
0 1
]
. (4)
After the weak measurement reversal is applied to a bipartite state ρ, the post-
selection state of the bipartite state becomes
ρ′ =
(I ⊗M)ρ(I ⊗M)†
Tr[(I ⊗M)ρ(I ⊗M)†] . (5)
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In our model, we consider the qubit system weakly couples with a bath of
fluctuating quantum scalar field in de Sitter space-time. The whole Hamiltonian
of such a system takes the form
H = HS +HF +HI . (6)
HS =
ω
2 σ3 is the Hamiltonian of the system, where σi (i = 1, 2, 3) are the Pauli
matrices, and ω is the energy level spacing. HF is the Hamiltonian of the scalar
field. HI = σ2Φ(x) is the interaction Hamiltonian between the system and the
scalar field.
We assume the initial state of the total system takes the form ρtot(0) =
ρ(0) ⊗ |v〉〈v|, where ρ(0) is the initial state of the quantum system and |v〉 is
the vacuum state of the external field. Under the Born-Markov approximation,
the system evolution in the proper time τ of the system can be described with the
Kossakowski-Lindblad master equation [32,33,34]
∂ρ(τ)
∂τ
= −i[Heff, ρ(τ)] + L[ρ(τ)], (7)
where
Heff =
1
2
Ωσ3 =
1
2
{ω + i
2
[K(−ω)−K(ω)]}σ3, (8)
and
L[ρ] = 1
2
3∑
i,j=1
Sij[2σjρσi − σiσjρ− ρσiσj ]. (9)
Sij can be written explicitly as
Sij = Aδij − iBǫijk δ3k −Aδ3i δ3j , (10)
where
A =
1
4
[ G(ω) + G(−ω)], B = 1
4
[G(ω)− G(−ω)]. (11)
G(λ) and K(λ) denote the Fourier and Hilbert transforms of field correlation func-
tion G(τ − τ ′) respectively, defined as
G(λ) =
∫ ∞
−∞
d∆τeiλ∆τG(∆τ), (12)
K(λ) = P
πi
∫ ∞
−∞
dω
G(ω)
ω − λ. (13)
Note that c = ~ = 1 throughout this article.
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3 Dynamics of entropic uncertainty
Considering a freely falling qubit in de Sitter space weakly couples with a mass-
less scalar field. Choosing the global coordinate system (t, χ, θ, ϕ), the qubit is
comoving with the expansion, then the line element of de Sitter space-time can be
written as
ds2 = dt2 − ℓ2 cosh2(t/ℓ)[dχ2 + sinχ2(dθ2 + sin2 θdϕ2)], (14)
where curvature radius ℓ = 31/2Λ−1/2, with Λ being the cosmological constant. ℓ is
associated with the Gibbons-Hawking temperature T = 12πℓ . When we choose the
de Sitter-invariant Bunch-Davies vacuum state |0〉 as the state of the conformally
coupled massless scalar field, the corresponding massless conformally Wightman
function for the qubit system is
G+(x(τ), x(τ ′)) = 〈0|Φ(x(τ))Φ(x(τ ′))|0〉 = − 1
16π2ℓ2 sinh2( τ−τ
′
2ℓ − iε)
, (15)
which fulfills KMS condition [35,36,37]. Further one can generalize the Bunch-
Davies vacuum to de Sitter invariant vacua called α-vacua |α〉, which are believed
to play an important role in understanding the trans-Planckian physics of early
universe. α-vacua can be generated by a squeezing operator Sˆ(α) [38], i.e., |α〉 =
Sˆ(α)|0〉, where α < 0 is real when we adopt CPT invariant α-vacua. TheWightman
function for the scalar field of α-vacua can be written with the Wightman function
G+(x, y) of Bunch-Davies vacuum as
G+α (x, y) =
1
1− e2α
[
G+(x, y) + e2αG+(y, x)− eα(G+(x, yA) +G+(xA, y))],
(16)
where xA is the antipodal point of x. When α → −∞, G+α (x, y) reduces to the
Wightman function G+(x, y) of Bunch-Davies vacuum. According to the relation
G+(x, yA) = G
+(xA, y) = G
+(τ− iπ) [39] and Eq. (15), we can obtain the Fourier
transformation (12) of correlation function G+α (x, y) (16)
Gα = λ(1 + e
α−πλ)2
2π(1− e− λT )(1− e2α)
(17)
for a conformally coupling massless scalar field in general α−vacua. According to
Eq. (11), the coefficients of Sij (10) can be obtained
A =
ω[(eα−πω + 1)2 + (eα+πω + 1)2e−
ω
T ]
8π(e2α − 1)(e−ωT − 1) ,
B =
ω[(eα−πω + 1)2 − (eα+πω + 1)2e− ωT ]
8π(e2α − 1)(e−ωT − 1) . (18)
Now, we consider to solve the master equation (7) for an initial qutrit-qubit
state. Note that the master equation for qubit (7) can still work, because here we
assume only the qubit system V is affected by α−vacua fluctuation and the qutrit
6 Zhiming Huang
system U is isolated from the external environment. Thus we only need to slightly
change the master equation (7) to the following the form:
∂ρ(τ)
∂τ
= −i[H′eff, ρ(τ)] + L′[ρ(τ)], (19)
whereH′eff =
1
2Ω(I⊗σ3) = 12{ω+ i2 [K(−ω)−K(ω)]}(I⊗σ3), L′[ρ] = 12
∑3
i,j=1 Sij [2(I⊗
σj)ρ(I⊗σi)− (I⊗σi)(I⊗σj)ρ−ρ(I⊗σi)(I⊗σj)], with I being the 3×3 identity
operator. Any qutrit-qubit state can be written as
ρ =


a1,1(t) a1,2(t) a1,3(t) a1,4(t) a1,5(t) a1,6(t)
a2,1(t) a2,2(t) a2,3(t) a2,4(t) a2,5(t) a2,6(t)
a3,1(t) a3,2(t) a3,3(t) a3,4(t) a3,5(t) a3,6(t)
a4,1(t) a4,2(t) a4,3(t) a4,4(t) a4,5(t) a4,6(t)
a5,1(t) a5,2(t) a5,3(t) a5,4(t) a5,5(t) a5,6(t)
a6,1(t) a6,2(t) a6,3(t) a6,4(t) a6,5(t) a6,6(t)


. (20)
We consider the qutrit-qubit system U and V initially share the following state
ρ(0) =


f
2 0 0 0 0
f
2
0 12(1− 2f) 0 0 12 (1− 2f) 0
0 0 f2 0 0 0
0 0 0 f2 0 0
0 12(1− 2f) 0 0 12 (1− 2f) 0
f
2 0 0 0 0
f
2


, (21)
where 0 ≤ f ≤ 13 , f = 0 corresponds to the maximally entangled state, and f = 13
corresponds to the separable state.
By substituting Eq. (20) into Eq. (19), and according to the initial state , we
can get the evolution state
ρUV =


Q1 0 0 0 0 Q7
0 Q2 0 0 Q8 0
0 0 Q3 0 0 0
0 0 0 Q4 0 0
0 Q8 0 0 Q5 0
Q7 0 0 0 0 Q6


, (22)
whereQ1 =
e−4Aτ [3fA−A+B−(A−B)e4Aτ(f−1)−Bf ]
4A ,Q2 =
e−4Aτ [−3fA+A−B−(A+B)e4Aτ(f−1)+Bf ]
4A ,
Q3 =
(A−B+Be−4Aτ)f
2A ,Q4 =
(A−Be−4Aτ+B)f
2A ,Q5 =
e−4Aτ [−3fA+A+B−(A−B)e4At(f−1)−Bf ]
4A ,
Q6 =
e−4Aτ [3fA−A−B−(A+B)e4At(f−1)+Bf ]
4A , Q7 =
1
2e
−2Aτf and Q8 = 12e
−2Aτ (1−
2f). Considering two Pauli observables σz = |0〉〈0| − |2〉〈2| and σx = 1√2 (|0〉〈1|+
|1〉〈0|+ |1〉〈2|+ |2〉〈1|) as two incompatible measurements performed on the sub-
system U , in this case, the parameter c in Eq. (1) is exactly equal to 1/2, and the
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post-measurement state can be obtained
ρσzV =


Q1 0 0 0 0 0
0 Q2 0 0 0 0
0 0 Q3 0 0 0
0 0 0 Q4 0 0
0 0 0 0 Q5 0
0 0 0 0 0 Q6


,
ρσxV =
1
4


F1 F2 0 0 F3 F4
F2 F5 0 0 F4 F6
0 0 F7 F8 0 0
0 0 F8 F9 0 0
F3 F4 0 0 F1 F2
F4 F6 0 0 F2 F5


, (23)
where F1 =
e−4Aτ [(B−A)e4Atτ−B](f−3)
4A , F2 =
1
4e
−2Aτ (f−1), F3 = e
−4Aτ [e4Aτ (A−B)+B](3f−1)
4A ,
F4 = −34e−2Aτ (f−1), F5 = e
−4Aτ [B−(A+B)e4Aτ ](f−3)
4A , F6 =
e−4Aτ [(A+B)e4Aτ−B](3f−1)
4A ,
F7 =
e−4Aτ [e4Aτ (A−B)+B](f+1)
2A , F8 = −12e−2Aτ (f−1) and F9 = e
−4Aτ [(A+B)e4Aτ−B](f+1)
2A .
The reduced density matrix of qubit V can be easily obtained by tracing over qutrit
U
ρV =
(
A+B(−1+e−4At)
2A 0
0 A−Be
−4At+B
2A
)
, (24)
which is independent on parameter f . Because directly calculating the analytic ex-
pression of entropic uncertainty takes long time and is complicated, so we mainly
employ the numerical method to obtain the results of entropic uncertainty in
the following discussion. According to Eq. (3), we can obtain the mixedness X =
−3e−8At{A2[(f(3f−2)−3)e8At+2(f(5f−4)+1)e4At+(1−3f)2]+B2(f(3f−2)+1)(e4At−1)2}10A2 . The
actual expression of negativity is neglected here since it is long.
Let us firstly consider the equilibrium state. Let τ → ∞ in Eq. (22), the
equilibrium state can be obtained
ρ∞ =


K1 0 0 0 0 0
0 K2 0 0 0 0
0 0 K3 0 0 0
0 0 0 K4 0 0
0 0 0 0 K1 0
0 0 0 0 0 K2


, (25)
where K1 = − (A−B)(f−1)4A , K2 = − (A+B)(f−1)4A , K3 = (A−B)f2A and K4 = (A+B)f2A .
We know that the equilibrium state is dependent on the initial state. For the
state, the negativity vanishes, which means that entanglement only can last for
a while. According numerical analysis, it is found that for different initial state,
the entropic uncertainty L and R have different fixed values which is independent
on the other parameters. But the mixedness X = A
2(−9f2+6f+9)−3B2(3f2−2f+1)
10A2 ,
which variations are dependent on various paraments. Note that the equilibrium
state is not a thermal state because the Wightman function (16) of the α-vacua
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Fig. 1 Entropic uncertainty L (a), entanglement (b) and mixedness (c) as function of τ for
different temperatures with f = 0, α = −1 and ω = 1.
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Fig. 2 Entropic uncertainty L and R, entanglement and mixedness as function of τ for
different temperatures with f = 0, T = 0.1, α = −1 and ω = 1.
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Fig. 3 Entropic uncertainty L (a), entanglement (b) and mixedness (c) as function of τ for
different f values with T = 0.2, α = −1 and ω = 0.1.
scalar field does not satisfy the KMS condition [35,36,37], neither does the reduced
state by tracing over the qutrit U
ρ∞V =
(
A−B
2A 0
0 A+B2A
)
. (26)
But when α → −∞, the state (26) reduces to the Bunch-Davies vacuum state,
which is equal to the thermal state e−HS/T /Tr(e−HS/T ). This is a manifestation
of thermalization phenomena of de Sitter space-time, which is in agreement with
the result of Ref. [40].
Now we consider the general case of Eq. (22). Fig. 1 shows the evolution of en-
tropic uncertainty L, entanglement and mixedness for different temperatures with
the fixed values of other parameters. From Fig. 1, we can see that the entropic
uncertainty converges to a constant value 2.5 for different temperatures with evo-
lution time, while entanglement decays to zero with evolution time. Mixedness
develops to different stable values for different temperatures. Entropic uncertainty
increases as temperature grows for a short time, while entanglement is the oppo-
site, but mixedness does not exist simple monotonic relation with temperature.
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Fig. 4 Entropic uncertainty L and R, entanglement and mixedness as function of τ with
f = 0.1, T = 0.2, α = −1 and ω = 0.1.
Higher temperature, entropic uncertainty and mixedness develops to the stable
value more rapidly. From Fig. 2, it can be seen that mixedness is positively related
with the entropic uncertainty, and entanglement is anti-correlated with entropic
uncertainty. In addition, the entropic uncertainty L and R always satisfy the un-
certainty relation (1).
The variations of entropic uncertainty L, entanglement and mixedness for dif-
ferent α values (α → −∞, α = −2, α = −1, α = −0.5) with the fixed values
of other parameters (f = 0, T = 0.2 and ω = 1) are similar with Fig. 1, but
the mixedness similar with the entropic uncertainty exists simple monotonic re-
lation with α parameter. For simplicity, we ignore the specific figures here. The
variations of entropic uncertainty L, entanglement and mixedness for different ω
values (ω = 0.1, ω = 1, ω = 2, ω = 3) with the fixed values of other parameters
(f = 0, T = 0.2 and α = −1) are also similar with Fig. 1, and the relations of en-
tropic uncertainty L, entanglement and mixedness with the fixed values of various
parameters (f = 0, ω = 0.1, T = 0.2 and α = −1) are similar with Fig. 2.
From Fig. 3 and Fig. 4, it can be observed that the variations and relations of
entropic uncertainty, entanglement and mixedness are similar with Fig. 1 and Fig. 2
except that the entropic uncertainty and mixedness evolve to different stable values
for different initial states, and mixedness decreases as the entanglement increases
(the value of f decreases). Note that these discussed results are consistent with
the above analytical results about the equilibrium state.
From above discussions, we know that entanglement exists a certain relation
with entropic uncertainty, whereas mixedness has close relation with entropic un-
certainty, that is the mixedness can reveal the essence of the entropic uncertainty
better than the entanglement. Temperature originated from space-time curvature
and vacuum fluctuation resulted from the uncertainty principle can lead to increase
of mixedness and reduction of entanglement, that is temperature and vacuum fluc-
tuation can generate decoherent effect and make an evolution state become more
mixed, which results in the observing inaccuracy of quantum system, and naturally
brings about an increase of entropic uncertainty. Further the state mixedness and
entropic uncertainty would be helpful to detect thermal effect of curved space-time
and quantum fluctuation effect.
Now, consider controlling the entropic uncertainty through weak measurement
reversal. When the initial state is executed the weak measurement reversal (4),
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Fig. 5 Entropic uncertainty L as function of τ for different strengths with f = 0, T = 0.2,
α = −1 and ω = 0.1.
the post-measurement state becomes


f
(
1 + 1p−2
)
0 0 0 0 − f
√
1−p
p−2
0 2f−1p−2 0 0
(2f−1)√1−p
p−2 0
0 0 f
(
1 + 1p−2
)
0 0 0
0 0 0 − fp−2 0 0
0 (2f−1)
√
1−p
p−2 0 0 − (2f−1)(p−1)p−2 0
− f
√
1−p
p−2 0 0 0 0 − fp−2


. (27)
After evolution, we can obtain the evolution state corresponding to post-measurement
state. Here we neglect it for simplicity. With the same computing equations and
analytical method, one can obtain the behaviors of entropic uncertainty L of the
evolution state. From Fig. 5, it can be seen that the weak measurement reversal
can effectively reduce the uncertainty. As evolution time grows, the entropic un-
certainty is steered to the different stable values with different strengths of weak
measurement reversal.
4 Conclusion
We have studied the behaviors and relations of quantum-memory-assisted entropic
uncertainty, entanglement and mixedness for qutrit-qubit system weakly coupling
with a bath of fluctuating scalar field in the background of expanding de Sit-
ter space. The master equation that governs the system evolution is derived. For
different initial states, entropic uncertainty and mixedness develop to different sta-
ble values. For different values of other parameters, entropic uncertainty always
evolves to a fixed stable, while entanglement always decays to zero, and entropic
uncertainty and entanglement exists monotonous relation with various parame-
ters for a short time, but mixedness is not the cases. Besides, it is found that
the entropic uncertainty, entanglement and mixedness exists closely relations. In
addition, it is shown that the weak measurement reversal can effectively adjust
the entropic uncertainty. Our exploration would threw light on our understand-
ing about the quantum nature of high dimensional quantum system in expanding
curved space-time and may be helpful for quantum information processing under
curved space-time.
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